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FAMILIES OF HIGHER DIMENSIONAL GERMS
WITH BIJECTIVE NASH MAP
CAMILLE PLÉNAT AND PATRICK POPESCU-PAMPU
Abstrat. Let (X, 0) be a germ of omplex analyti normal variety, non-
singular outside 0. An essential divisor over (X, 0) is a divisorial valuation
of the eld of meromorphi funtions on (X, 0), whose enter on any res-
olution of the germ is an irreduible omponent of the exeptional lous.
The Nash map assoiates to eah irreduible omponent of the spae of
ars through 0 on X the unique essential divisor interseted by the strit
transform of the generi ar in the omponent. Nash proved its injetiv-
ity and asked if it was bijetive. We prove that this is the ase if there
exists a divisorial resolution pi of (X, 0) suh that its redued exeptional
divisor arries suiently many pi-ample divisors (in a sense we dene).
Then we apply this riterion to onstrut an innite number of families of
3-dimensional examples, whih are not analytially isomorphi to germs
of tori 3-folds (the only lass of normal 3-fold germs with bijetive Nash
map known before).
1. Introdution
Let X be a redued omplex algebrai variety. An ar ontained in X is a
germ of formal map:
(C, 0)→ X.
If t denotes the loal parameter of C at 0, notie that eah ar omes equipped
with a anonial parametrization: thought algebraially, it is a morphism of
C-algebras OX,0 → C[[t]].
In a preprint written around 1966, published later as [14℄, Nash dened the
assoiated ar spae X∞ of X, whose points represent the ars ontained in
X. By looking at the Taylor expansions of the funtions on X with respet to
the parameter t and to their trunations at all the orders, Nash onstruted
this spae as a projetive limit of algebrai varieties of nite type over X.
If one assoiates to a formal ar the point of X where it is based, that is the
image of 0 ∈ C, one gets a natural map:
α : X∞ → X
If Y is a losed subvariety of X, denote by:
(X,Y )∞ := α
−1(Y )
the spae of ars on X based at Y .
1991 Mathematis Subjet Classiation. 14B05, 32S25, 32S45.
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Nash was thinking of the spaes X∞ and (X,Y )∞ for varying Y ⊂ Sing(X)
as tools for studying the struture of X in the neighborhood of its singular set.
Indeed, the main objet of his paper was to state a program for omparing
the various resolutions of the singularities of X. Suh resolutions always exist,
as had reently been proven by Hironaka, but unlike in the ase of surfaes,
minimal ones do not neessarily exist. We quote from the introdution of [14℄
the two main problems formulated by Nash in this diretion:
i) For surfaes it seems possible that there are exatly as many families of
ars assoiated with a point as there are omponents of the image of the point
in the minimal resolution of the singularities of the surfae.
ii) In higher dimensions, the ar families assoiated with the singular set
orrespond to "essential omponents" whih must appear in the image of the
singular set in all resolutions. We do not know how omplete is the represen-
tation of essential omponents by ar families.
The rst question is a loal one, as it deals with the struture of X only in
a neighborhood of one of its (losed) points. The seond one is more global, as
it deals with the struture of X in the neighborhood of its entire singular set.
Following Nash's paper, the foundations for his program were worked with
more detail by Lejeune-Jalabert [12℄, Nobile [15℄ and Ishii & Kollár [9℄. They
also extended the program to other ategories of spaes. For example, Ishii
& Kóllar [9℄ onsidered shemes over arbitrary elds, Lejeune-Jalabert [12℄
and Nobile [15℄ onsidered formal germs of varieties. Their treatment extends
readily to germs of omplex analyti varieties.
For suh germs, the spae (X,Sing(X))∞ of ars based at the singular lous
of X an be anonially given the struture of a relative sheme over X, as the
projetive limit of relative shemes of nite type obtained by trunating ars
at eah nite order.
In the sequel we will restrit to the ase where (X, 0) is a germ of a omplex
analyti variety and Sing(X) = {0}.
The spae (X, 0)∞ of ars on X based at 0 is a relative subsheme over X
of X∞. As it projets onto 0, we see that it is in fat a true sheme (but not
of nite type over C). This implies that it makes sense to speak about the set
C(X, 0)∞ of its irreduible omponents.
Denote by
pi : X˜ → X
a resolution of X. The exeptional set Exc(pi) := pi−1(0) is not assumed to be
of pure odimension 1, that is, the resolution is not neessarily divisorial.
An irreduible omponent of Exc(pi) is alled an essential omponent of pi if
it orresponds to an irreduible omponent of the exeptional set of any other
resolution of X. In other words, if its birational transform is an irreduible
omponent of the exeptional set in any resolution. An equivalene lass of
suh essential omponents over all the resolutions of X is alled an essential
divisor over (X, 0). If we denote by E(X, 0) the set of essential divisors over
(X, 0), the essential omponents of the given resolution morphism pi are in a
anonial bijetive orrespondene with the elements of E(X, 0).
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Let K be an element of C(X, 0)∞. For eah ar represented by a point of K,
one an onsider the intersetion point with Exc(pi) of its strit transform on X˜ .
For an ar generi with respet to the Zariski topology of K, this intersetion
point is situated on a unique irreduible omponent of Exc(pi); moreover, this
omponent is essential (Nash [14℄). In this manner one denes a map:
NX,0 : C(X, 0)∞ → E(X, 0)
whih is alled the Nash map assoiated to (X, 0). Nash proved that the map
NX,0 is always injetive (whih shows in partiular that C(X, 0)∞ is a nite
set). In our ontext, one an reformulate question ii) above:
When is the map NX,0 bijetive?
This question is also known as the Nash problem on ars.
In [19℄ we listed the lasses of isolated surfae singularities for whih the
Nash map was proved to be bijetive. In higher dimensions, the bijetivity ofN
was proved till now for the following lasses of germs with isolated singularities:
• for the germs whih have resolutions with irreduible exeptional set, for
trivial reasons;
• for germs of normal tori varieties by Ishii and Kollár in [9℄ (also in the
ase of non-isolated singularities);
• for quasi-ordinary singularities by Ishii in [7℄ (in fat for a lass slightly
more general, whih ontains also non-isolated singularities).
No surfae or 3-fold is known for whih the Nash map is not bijetive. But
Ishii and Kollár proved in [9℄ that it is not always bijetive for algebrai varieties
of dimension at least 4. Indeed, they gave a ounterexample in dimension
4, whih an be immediately transformed into a ounterexample (with non-
isolated singularity) in any larger dimension.
In this artile we onstrut a lass of normal isolated singularities of arbi-
trary dimension (X, 0) for whih the Nash map NX,0 is bijetive (Corollary
4.3). The denition of the lass uses a riterion ensuring that a divisorial om-
ponent of the exeptional set of a given resolution is in the image of the Nash
map (Theorem 4.1). In fat, we use that theorem in the following less general
form (a reformulation of Corollary 4.2), whih allows us to apply Kleiman's
ampleness riterion:
Theorem Let pi : X˜ → X be a divisorial projetive resolution of (X, 0).
Consider an irreduible omponent Ei of Exc(pi). Suppose that for any other
omponent Ej, there exists an eetive integral divisor Fij on X˜ whose support
oinides with Exc(pi), in whih the oeient of Ei is stritly less than the
oeient of Ej and suh that the line bundle OExc(pi)(−Fij) is ample. Then
Ei is an essential omponent ontained in the image of the Nash map.
Using the previous riterion, we onstrut an innite family of examples of
3-dimensional singularities with bijetive Nash map (see Setion 5). In Setion
6, we distinguish some of the singularities onstruted before using suitable
analytial invariants. Moreover, we determine those whih are isomorphi to
germs of tori varieties, establishing like this the intersetion of our lass of
examples with the lasses known before.
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2. Essential divisors and essential omponents
In the sequel, if A is a omplex analyti spae or a relative sheme over an
analyti spae, we denote by CA the set of its irreduible omponents.
Let (X, 0) be an irreduible germ of omplex analyti variety. We suppose
that Sing(X) = {0}, that is, the germ is smooth outside the origin (with a
slight abuse of voabulary due to the fat that X is also allowed to be smooth,
we say that the germ has an isolated singularity). Denote by m the maximal
ideal of its loal ring OX,0. We also write N instead of NX,0, as we do not
onsider various Nash maps at the same time.
Consider a resolution pi : X˜ → X. This means that pi is a proper bimeromor-
phi map with X˜ smooth, restriting to an isomorphism over the omplement
of 0 in X. The exeptional set Exc(pi) of pi is by denition the subset of X˜
where pi is not a loal isomorphism. If 0 is a singular point of X, it oinides
with the preimage pi−1(0). If eah irreduible omponent of Exc(pi) is of pure
odimension 1 in X˜, we say that pi is divisorial. In the sequel, we do not
suppose that this is the ase. We do neither suppose that the morphism pi is
projetive.
Remark 2.1. In dimension 2, all the resolutions of a normal surfae are di-
visorial. This is no longer true in higher dimensions: the simplest example of
a normal germ with isolated singularity whih has non-divisorial resolutions is
the 3-fold hypersurfae germ dened by the ane equation xy − zt = 0. Nev-
ertheless, all the resolutions of a Q-fatorial germ are divisorial (see Debarre
[4, Setion 1.40℄).
Consider a losed irreduible subvariety E of Exc(pi) (not neessarily one
of its irreduible omponents). Take the preimage D of E on BE(X˜), the
variety obtained by blowing-up E in X˜ . As X˜ is smooth, this preimage is an
irreduible hypersurfae of BE(X˜). Therefore, it indues a disrete valuation
vE of rank 1 on the eld of meromorphi funtions on (X, 0) (whih assoiates
to any suh funtion the order of vanishing along D of its total transform on
BE(X˜)).
If ψ : X → X is another resolution of X, the birational transform Eψ of E
on X is the enter of the valuation vE on X. We have obviously vE = vEψ .
This allows to identify the valuation vE with the set whose elements are E
and its birational transforms on all the resolutions of X. Following [9℄, we
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say that vE (or the lass of its enters on all the resolutions) is an exeptional
divisor over (X, 0). The name is motivated by the fat that any resolution is
dominated by another one on whih the enter of vE is a divisor (as above,
just blow-up E, then resolve the singularities of the new spae).
Conversely, if v is an exeptional divisor over (X, 0) and pi : X˜ → X is a
resolution, we denote by Epiv (or Ev, if pi is lear from the ontext) the enter
of v on X˜. Among the exeptional divisors over (X, 0), Nash distinguished
those whose enters are not only subvarieties, but irreduible omponents of
the exeptional lous of any resolution of (X, 0) (in fat he onsidered this in
the global ase of an algebrai variety; Ishii [7, Denition 2.10℄ onsiders the
same loalized situation as ours):
Denition 2.2. An essential divisor over (X, 0) is an exeptional divisor
over (X, 0) whose enter on X˜ is an irreduible omponent of Exc(pi), this
for any resolution pi : X˜ → X. We also say that the enters of the essential
divisors on X˜ are the essential omponents of pi.
In [2℄, Bouvier onsidered another denition of essential divisors. She alled
a omponent of odimension 1 of the exeptional set essential if its enter on
any resolution was a divisor. Her denition is stritly more restritive than
ours, as shown by the germs whih admit resolutions without exeptional om-
ponents of odimension 1 (see Remark 2.1). Ishii and Kollár introdued a third
notion in [9℄, that of divisorially essential divisors. Namely, an exeptional di-
visor is of this type, if its enter in any divisorial resolution is an irreduible
omponent of the exeptional set. It follows diretly from the Denition 2.2
that an essential divisor is a divisorially essential divisor, but it seems to be
an open question if the onverse is true.
In the sequel we onsider only the notion of essential omponents and essen-
tial divisors introdued in Denition 2.2.
If (X, 0) is a normal surfae singularity, then the essential divisors over (X, 0)
are preisely the divisorial valuations generated by the irreduible omponents
of the exeptional set of the minimal resolution of (X, 0). In higher dimensions
it is muh more diult to determine them, as no minimal resolution (in the
sense that it is dominated by all the other resolutions) exists in general.
The only lass of singularities for whih the essential divisors are ompletely
known is that of germs of normal tori varieties. Indeed, Bouvier [2℄ determined
ombinatorially the essential divisors of all normal tori germs. Her work was
based on preliminary results of Bouvier & González-Sprinberg [3℄.
Two general riteria are known, ensuring that a 1-odimensional omponent
of the exeptional lous of a given resolution is essential (see Ishii & Kollár [9,
Examples 2.4, 2.5, 2.6℄):
Proposition 2.3. Let Ei be an irreduible omponent of Exc(pi), whih is of
odimension 1 in X˜.
1) (Nash [14℄) If Ei is not birationally ruled, then Ei is essential.
2) If (X, 0) is a anonial singularity and Ei is repant, then Ei is essential.
Moreover, in both ases the birational transform of Ei on any other resolution
has again odimension 1.
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One of the results of our work is to give a new riterion of essentiality for
exeptional divisors, using the spae of ars on X based at 0 (Theorem 4.1).
For eah irreduible omponent E of Exc(pi), onsider the smooth ars on X˜
whose losed points are on E−∪F 6=EF , where F varies among the elements of
CExc(pi), and whih interset E transversely (that is, suh that their tangent
line and the tangent spae to E at their intersetion point are diret sum-
mands). Consider the set of their images in (X, 0)∞ and denote the losure of
this set by V (E).
Remark 2.4. In fat V (E) only depends on the exeptional divisor vE over
(X, 0) determined by E (see Ishii [7, Example 2.14℄). For this reason, in the
sequel we also write V (v) instead of V (E), if E = Ev.
Nash [14℄ proved:
Proposition 2.5. 1) The sets V (E) are irreduible subvarieties of (X, 0)∞
(but not neessarily omponents).
2)
(X, 0)∞ =
⋃
E∈CExc(pi)
V (E).
The next lemma gives a riterion to show that an exeptional divisor v over
(X, 0) is essential, using its image V (v) in the spae of ars based at 0.
Lemma 2.6. Let v be an exeptional divisor over 0. If V (v) is an irreduible
omponent of (X, 0)∞, then v is essential.
Proof. Suppose by ontradition that v is inessential. This means that there
exists a resolution pi : X˜ → X suh that the enter Ev of the valuation v on X˜
is stritly inluded in an irreduible omponent E of Exc(pi). We dedue that
V (v) is stritly inluded in V (E). But this last variety is irreduible, by Propo-
sition 2.5. This ontradits the fat that V (v) is an irreduible omponent of
(X, 0)∞. 
The next proposition gives a riterion to prove that some omponents of the
exeptional lous of a resolution of (X, 0) are essential, and in partiular to
prove that Nash's map N is bijetive.
Proposition 2.7. Let pi : X˜ → X be a resolution. Consider the irreduible
omponents (Ei)i∈I of Exc(pi). Suppose that one an write the index set I as
a disjoint union I = J
⊔
K suh that V (Ej) 6⊂ V (Ei), ∀ j ∈ J, ∀ i ∈ I − {j}.
Then:
1) The varieties (V (Ej))j∈J are irreduible omponents of (X, 0)∞. In par-
tiular, (Ej)j∈J are essential omponents of pi.
2) If (Ek)k∈K are all inessential omponents of pi, then N is bijetive.
Proof 1) By Proposition 2.5, the irreduible omponents of (X, 0)∞ are
among the varieties V (E) with E ∈ CEpi(X, 0). Moreover, by denition, the
irreduible omponents of (X, 0)∞ are those whih are not inluded in other
irreduible subsets. Then the varieties (V (Ej))j∈J are irreduible omponents
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of (X, 0)∞. By the previous lemma, it follows that (Ej)j∈J are essential om-
ponents of pi.
2) If the omponents (Ek)k∈K are all inessential, then, by Lemma 2.6, the va-
rieties (V (Ek))k∈K are not irreduible omponents of (X, 0)∞. The irreduible
omponents of (X, 0)∞ are exatly (V (Ej))j∈J and they do orrespond bije-
tively to the essential omponents of the resolution. This implies that N is
bijetive. 
The following proposition was proven by the rst author in [17, 2.2℄, as a
generalization of Reguera [21, Theorem 1.10℄, who onsidered only the lass of
rational surfae singularities. It is an essential ingredient of all the riteria we
prove in this paper. It was also the basis of our work [19℄.
Proposition 2.8. Let v1 and v2 be exeptional divisors over (X, 0). If there
exists a funtion f ∈ m suh that v1(f) < v2(f), then V (v1) * V (v2).
In Setion 4, we ombine the propositions 2.7 and 2.8 in order to give riteria
of essentiality for exeptional divisors in terms of global generation and am-
pleness of suitable line bundles. Before that, we need some bakground about
ampleness and exeptional sets.
3. Bakground about ampleness and exeptional analyti sets
In this setion we reall Kleiman's riterion of ampleness and Grauert's
riterion of ontratibility.
Let Y be a omplete algebrai variety. Let Z1(Y )R be the R-vetor spae of
real one yles on X, onsisting of all nite R-linear ombination of irreduible
algebrai urves on Y . Two elements γ1 and γ2 of Z1(Y )R are numerially
equivalent if one has the equality of intersetion numbers
E · γ1 = E · γ2
for every E ∈ Div(Y )⊗ZR, where Div(Y ) denotes the group of Cartier divisors
on Y . The orresponding vetor spae of numerial equivalene lasses of one-
yles is written N1(Y )R.
Denition 3.1. Let Y be a omplete algebrai variety. The one of urves
NE(Y ) ⊂ N1(Y )R
is the one R+−spanned by the lasses of all eetive one-yles on Y . Its
losure NE(Y ) ⊂ N1(Y )R is the losed one of urves or Kleiman-Mori
one of Y .
Theorem 3.2. (Kleiman's riterion of ampleness) Let Y be projetive
variety. A Cartier divisor E on Y is ample if and only if E · z > 0 for all non
zero z ∈ NE(X).
For details, we refer to Debarre [4℄ and Lazarsfeld [11℄.
Ampleness on a reduible variety an be tested on its irreduible omponents
(see for example Lazarsfeld [11, proposition 1.2.16℄):
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Proposition 3.3. Let Y be a projetive variety and L a line bundle on Y .
Then L is ample on Y if and only if the restrition of L to eah irreduible
omponent of Y is ample.
We took the following denition from Peternell [16, denition 2.8℄:
Denition 3.4. Let Y be a redued omplex spae and E ⊂ Y a ompat
nowhere disrete and nowhere dense analyti set. E is alled exeptional (in
X) if there is a omplex spae Z and a proper surjetive holomorphi map
φ : Y → Z suh that:
(1) φ(E) is a nite set;
(2) φ : Y \E → Z \ φ(E) is biholomorphi;
(3) φ∗(OY ) = OZ .
Then one says that φ ontrats E (in Y ).
One an show that a map φ whih ontrats E in Y is unique in the following
sense: if φk : Y → Zk, k ∈ {1, 2} both ontrat E in Y , then there exists a
unique analyti isomorphism u : Z1 → Z2 suh that φ2 = u ◦ φ1.
In the minimal model theory of algebrai varieties, one onsiders more gen-
eral ontrations, whih are not neessarily birational maps.
The voabulary is oherent with the one used in setion 2. Indeed, if pi :
X˜ → X is a resolution of X, then its exeptional set Exc(pi) in the sense of
setion 2 is exeptional in X˜ in the sense of Denition 3.4, and pi ontrats
Exc(pi) in X˜.
The strategy we use for onstruting examples of 3-dimensional singularities
with bijetive Nash maps (see Setion 5) works thanks to Grauert's funda-
mental riterion of ontratibility (Grauert [6℄, see also Peternell [16, theorem
2.12℄). A partiular ase of it is suient for our purposes:
Theorem 3.5. (Grauert's riterion of ontratibility) Let Y be a om-
plex manifold and let E be a redued projetive (not neessarily smooth or
irreduible) hypersurfae in Y . Suppose that there exists an eetive divisor
A whose support is E, suh that the restrition OE(−A) of the line bundle
OY (−A) to E is ample. Then the analyti hypersurfae E is exeptional in Y .
Remark 3.6. 1) If Y is a surfae, the onverse of the theorem is also true. In
this ase, the hypothesis about the existene of A is equivalent to the fat that
the intersetion matrix of E is negative denite. For surfaes, the hypothesis
of Grauert's riterion of ontratibility is usually expressed in this last form.
2) The onverse of Theorem 3.5 is not true in a naive form if dimCY ≥ 3,
as shown by examples of Laufer [10℄ (see also Peternell [16, Example 2.14℄).
Nevertheless, there exists a onverse if one replaes the searh of an ample line
bundle by that of a oherent sheaf I suh that supp(OY /I) = E and I/I
2
is
positive (see Peternell [16, Theorem 2.15℄).
4. Criteria for an exeptional divisor to be essential
Reall that (X, 0) is supposed to be an irreduible germ with isolated singu-
larity. From now on, we suppose moreover that (X, 0) is normal. We need this
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ondition in order to be able to onlude that a bounded holomorphi funtion
on X \ 0 extends to a funtion holomorphi over X.
Let pi : (X˜,Exc(pi))→ (X, 0) be a divisorial resolution of (X, 0). Denote by
(Ei)i∈I the irreduible omponents of Exc(pi).
Let
L(pi) :=
⊕
i∈I
ZEi
be the lattie freely generated by the Ei, that is, the lattie of divisors on X˜
supported by Exc(pi). Inside the assoiated real vetor spae LR(pi), onsider
the losed regular one:
σ(pi) :=
⊕
i∈I
R+Ei
of the eetive R-divisors on X˜ supported by Exc(pi).
For eah pair (i, j) ∈ I2 with i 6= j, onsider the losed onvex sub-one
σij(pi) of σ(pi) dened by:
σij(pi) := {
∑
k∈I
akEk ∈ σ(pi) | ai ≤ aj}
Theorem 4.1. Fix i ∈ I. Suppose that for eah j ∈ I \ {i}, the one σij(pi)
ontains in its interior an integral divisor Fij suh that OX˜(−Fij) is generated
by its global setions. Then V (Ei) is in the image of the Nash map N . In
partiular, Ei is an essential omponent of pi.
Proof: Consider Fij ∈ int(σij(pi)) suh that OX˜(−Fij) is generated by its
global setions. Let us onsider for a moment OX˜(−Fij) not as a line bundle,
but as the subsheaf of the struture sheaf OX˜ formed by the holomorphi fun-
tions vanishing along Exc(pi) at least as muh as indiated by the oeients
of Fij .
If OX˜(−Fij) is generated by global setions, then there exists a funtion
fij ∈ H
0(X˜,OX˜(−Fij)) whose divisor has a ompat part oiniding with Fij .
As pi realizes an isomorphism between X˜ \ Exc(pi) and X \ 0, there exists a
funtion gij on X vanishing at 0, ontinuous on X, holomorphi on X \ 0 and
suh that fij = pi
∗(gij). As X is supposed to be normal at 0 (see the beginning
of the setion), we dedue that gij ∈ m.
By onstrution, vEi(gij) < vEj (gij). Proposition 2.8 implies then that
V (Ei) * V (Ej). As this is true for any pair (i, j) ∈ I2 with i 6= j, the
proposition follows from Proposition 2.7. 
The following orollary is a diret onsequene of the theorem. We state it
as a separate result, in order to be able to use Kleiman's riterion of ampleness
in ombination with it.
Corollary 4.2. Fix i ∈ I. Suppose that for eah j ∈ I \ {i}, the one σij(pi)
ontains an integral divisor Fij suh that OX˜(−Fij) is ample when restrited
to eah omponent of Exc(pi). Then V (Ei) is in the image of N and Ei is an
essential omponent of pi relative to 0.
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Proof: As ampleness is an open ondition with respet to the topology of
L(pi), we see that the hypothesis implies that there exists an Fij ∈ int(σij(pi))
suh that OX˜(−Fij) is ample when restrited to eah omponent of Exc(pi).
By Proposition 3.3, it is also ample when restrited to Exc(pi). This implies
that OX˜(−Fij) is ample on a neighborhood of E in X˜. But then there exists
a multiple −nijFij of the divisor −Fij (where nij ∈ Z>0) whose assoiated
sheaf is very ample, whih implies that OX˜(−nijFij) is generated by its global
setions.
The divisor nijFij is interior to the one σij(pi), as Fij was supposed to be so.
This implies that the hypothesis of Theorem 4.1 are satised. The onlusion
follows. 
A seond orollary gives the riterion of bijetivity of the Nash map an-
nouned in the introdution:
Corollary 4.3. Suppose that for eah pair (i, j) ∈ I2 with i 6= j, the one
σij(pi) ontains an integral divisor Fij suh that OX˜(−Fij) is ample when re-
strited to eah omponent of E. Then the omponents of E are preisely the
essential omponents over 0 and the Nash map N is bijetive.
Proof: This is an immediate onsequene of Corollary 4.2. 
Remark 4.4. When (X, 0) is a germ of normal surfae and pi : X˜ → X is
a resolution, the set of eetive divisors F ∈ σ(pi) suh that the line bundle
OX˜(−F ) is ample is preisely what we alled the strit Lipman semigroup in
[19, Remark 4.4℄ (see Lipman [13, 10.4 and proof of 12.1 (iii)℄). Then Corollary
4.3 restrited to germs of normal analyti surfaes gives exatly the lass of
singularities found in [19℄. As explained in the Aknowledgements, the present
work grew out from the wish to generalize the results of that artile to higher
dimensions.
5. An infinite number of families of examples in dimension 3
Corollary 4.3 gives a method to onstrut examples of singularities (X, 0)
for whih the Nash map N is bijetive. Namely, one starts from a divisorial
resolution of a germ suh that the omponents of the exeptional lous have
losed ones of urves of nite type. The ondition on an eetive divisor
supported by the exeptional set to have an ample opposite in restrition to
the exeptional set translates then into a nite system of linear inequalities. If
this system has solutions inside all the ones onsidered in the orollary then,
using the orollary, one has an example with bijetive Nash map.
One ould try to start from germs dened expliitly by equations and to use
one of the available algorithms of resolution. Nevertheless, those algorithms
do not allow to ompute the losed one of urves of a omponent of the
exeptional set.
For this reason we deided to work dierently. The strategy we followed
was to start from smooth projetive varieties Si with ones of urves whih
are losed and of nite type. Then hoose line bundles over the varieties Si
with ample duals and glue analytially the total spaes of those line bundles
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along neighborhoods of suitable hypersurfaes of the Si. Of ourse, the rst
thing to adjust in order to do suh a gluing, is to make a pairing of the hosen
hypersurfaes and to x isomorphisms between the elements in eah pair.
If the gluing sueeds, one gets a smooth analyti variety X whih ontains
a divisor E obtained topologially by identifying the hosen pairs of hypersur-
faes. The hoies should be done in order to make E exeptional in X, in the
sense of Denition 3.4. Then try to onstrut the divisors Fij verifying the
onditions of Corollary 4.3. The hypothesis on the niteness of the ones of
urves ensures, as explained before, that this searh amounts to the resolution
of a nite system of inequalities.
In this setion we apply this strategy to onstrut an innite number of
families of 3-dimensional examples with bijetive Nash map. All of them are
dened by ontrating (using Grauert's riterion) a divisor with two ompo-
nents inside a smooth algebrai threefold obtained by gluing algebraially along
Zariski-open sets the total spaes of suitable line bundles over geometrially
ruled surfaes. Both surfaes are obtained by ompatifying total spaes of
suitable line bundles over the same irreduible smooth projetive urve. After
the plumbing, the two surfaes meet transversely along a urve whih is iso-
morphi to the starting urve. We emphasize the fat that this starting urve
is any irreduible smooth projetive urve.
In the sequel we say that an algebrai surfae S is geometrially ruled over
a urve C if S is the total spae of an algebraialy loally trivial bundle over
C, with bers projetive lines. We say that S is birationally ruled if it is
birationally equivalent to a geometrially ruled surfae.
Let C be a smooth irreduible projetive urve. Consider two algebrai line
bundles L1, L2 over C suh that:
(1) degCLi = −di, ∀ i ∈ {1, 2}
We suppose moreover that:
(2) di > 0, ∀ i ∈ {1, 2}
Denote by Ei the total spae of the line bundle Li and by Ci the image of
the zero setion of Li in Ei. The relations (1) and (2) imply:
(3) Ci ·Ei Ci = −di < 0, ∀ i ∈ {1, 2}
(the notation ·Y means that one onsiders intersetion numbers inside the
smooth spae Y ).
One an ompatify Ei by adding a urve C˜i at innity, getting like this a
smooth projetive surfae Si, whih is geometrially ruled over C. Denote by
pii the morphism:
pii : Si → C
whih extends the bration morphism from Ei to C.
By (3), one gets:
C˜i ·Si C˜i = di
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For i ∈ {1, 2}, we onsider the following line bundle on the geometrially
ruled surfae Si:
(4) Hi := OSi(−xiC˜i)⊗OSi pi
∗
i (Lj)
where {i, j} = {1, 2}.
It is important to notie that, as an ingredient of the onstrution, we pull
bak one line bundle over C to the total spae of a ompatiation of the se-
ond line bundle. The important thing is that the total spaes of the restrited
line bundles pi∗1(L2)|E1 and pi
∗
2(L1)|E2 are anonially isomorphi (see below
the explanation of relation (8)), whih allows to glue them. But pi∗i (Lj) has
not an ample inverse on Si, as its degree on a ber of the ruling is 0. This
obliges us to twist the line bundle. We want to do this without hanging the
ruial property of the isomorphism of the total spaes of the retritions to
Ei. That is why we twist with a line bundle having a setion whose divisor is
supported by the urve at innity.
We pass now to the needed omputations. In the denition (4), the integer
xi is hosen suh that the following ondition is satised:
(5) Hˇi is ample on Si, ∀ i ∈ {1, 2}
As Ci ·Si Ci < 0 (see relation (3)), one has (see Debarre [4, 1.35℄):
NE(Si) = NE(Si) = R+[Ci]⊕R+[Fi]
where [Fi] is the lass of the bers of the ruling pii. By Kleiman's riterion of
ampleness 3.2, ondition (5) is equivalent to:{
degCi
Hi < 0
degFi
Hi < 0
But:
degCi
Hi = −xiC˜i ·Si Ci + degCipi
∗
i (Lj) = 0 + degCLj = −dj
We have used the fat that the urves Ci and C˜i are disjoint, the projetion
formula and relation (1). In the same manner, using the projetion formula
and the fat that the urves C˜i and Fi meet transversely at one point of Si,
we get:
degFi
Hi = −xi
As dj > 0 by the hypothesis (2), we see that the ondition (5) is equivalent
to:
(6) xi > 0, ∀ i ∈ {1, 2}
The line bundle OSi(−xiC˜i) is equiped by onstrution with a meromorphi
setion si whose divisor is exatly −xiC˜i. This implies that the restrition of
si to Ei = Si \ C˜i is a regular and never vanishing setion of the restrited line
bundle OSi(−xiC˜i)|Ei . We dedue that this last line bundle is trivial. As a
onsequene:
(7) Hi|Ei
(4)
= OSi(−xiC˜i)|Ei ⊗OEi pi
∗
i (Lj) ≃ pi
∗
i (Lj)|Ei
Denote by Mi the total spae of the line bundle Hi over Si and by Ni the
total spae of the line bundle Hi over Ei. Consequently, Ni is a Zariski open
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Figure 1. Constrution of the 3-fold M
set ofMi. By relation (7), Ni is isomorphi to the total spae of the line bundle
pi∗i (Lj) over Ei, whih in turn is isomorphi to the total spae of the split vetor
bundle L1 ⊕ L2 of rank 2 over C. This gives anonial isomorphisms:
(8) N1 ≃ E ≃ N2
If we glue the algebrai manifolds M1 and M2 by identifying N1 and N2, we
obtain a new 3-dimensional algebrai manifold M := M1 ∪M2 (with a slight
abuse of notations), in whih S1 and S2 are anonially embedded. We will
onsequently use the same notation for their images in M . Then:
S1 ∩ S2 = C
where C is the urve obtained by the identiation under the preeding gluing
of the urves C1 and C2 (see Figure 1), identied with the initial urve C.
By onstrution, one has the following identiation of the algebrai normal
bundles of S1 and S2 inside M :
(9) NSi|M ≃ Hi
Combining this with the relations (4) we get:
(10)


C ·M Si = degCNSi|M = degCiHi = −dj
Fi ·M Si = degFiNSi|M = degFiHi = −xi
Fj ·M Si = degFjNSi|M = degFjHi = 1
In order to apply the riterion 4.3, we want to nd under whih onditions
on the numbers (d1, d2, x1, x2) ∈ Z
4
>0, there exist pairs (α1, α2) ∈ Z
2
>0 suh
that the line bundle OM (−(α1S1 + α2S2)) is ample in restrition to S1 ∪ S2
(remember that we have already imposed the restritions (2) and (6) ).
By Kleiman's ampleness riterion 3.2 and Proposition 3.5, this is equivalent
to: 

C ·M (α1S1 + α2S2) < 0
F1 ·M (α1S1 + α2S2) < 0
F2 ·M (α1S1 + α2S2) < 0
(10)
⇐⇒


α1d2 + α2d1 > 0
α1x1 − α2 > 0
α2x2 − α1 > 0
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This in turn is equivalent to:
(11)
1
x1
<
α1
α2
< x2
The inequalities (11) have solutions (α1, α2) ∈ Z
2
>0 if and only if at least
one of the numbers x1, x2 is ≥ 2. It has solutions in both half-planes α1 ≥ α2
and α2 ≥ α1 if and only if we have simultaneously x1 ≥ 2, x2 ≥ 2.
Combining this with Theorem 3.5 and Corollary 4.3, we get:
Proposition 5.1. Suppose that degCL1 < 0, degCL2 < 0. Consider x1, x2 ∈
Z>0. If x1, x2 ≥ 1 and at least one of them is ≥ 2, then S1 ∪ S2 is exeptional
in M . Let then pi : (M,S1 ∪ S2) → (X, 0) be the morphism whih ollapses
S1 ∪ S2 in M . If moreover both x1 and x2 are ≥ 2, then S1 and S2 are both
essential omponents over (X, 0) and the Nash map N is bijetive.
Remark 5.2. We do not say that the Nash map is not bijetive when one of
the numbers x1, x2 is equal to 1. But the method of the present paper does not
allow us to deide it in general.
Our onstrution shows that the analyti germ (X, 0) dened in Proposition
5.1 is uniquely determined by the hoie of the urve C, the line bundles L1, L2
and the numbers x1, x2. That is why, when we want to reall these ingredients,
we denote it by
(XC,L1,L2,x1,x2 , 0).
In the same way, we denote by
MC,L1,L2,x1,x2
the smooth algebrai manifold used to onstrut it.
6. Analyti invariants of our families of examples
In the introdution, we gave the list of the known examples of higher-
dimensional normal germs with isolated singularity whih have a bijetive Nash
map. It is natural to ask if the examples onstruted in the previous setion
are new, or over partially the known ones. As the normal quasi-ordinary
germs are isomorphi to germs of simpliial tori varieties (a result proved by
the seond author [20, Theorem 5.1℄, generalizing like this the hypersurfae
ase treated by González Pérez), and as in all our examples there are exatly
two essential divisors, this amounts to ask if some of them are analytially
isomorphi to germs of normal tori varieties. Through the propositions 6.3
and 6.4, we show that this is the ase only when the urve C is rational.
The next proposition is a diret generalization of a result proved by Nash
[14, page 35℄. It ompares from the viewpoint of birational algebrai geometry
the enters on dierent resolutions of a given essential divisor over (X, 0).
Proposition 6.1. Let (X, 0) be a germ of normal analyti variety of dimen-
sion n ≥ 2, with isolated singularity. If pik : X˜k → X, k = 1, 2 are two
resolutions of X and Ek ⊂ X˜k are essential omponents orresponding to the
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same essential divisor over (X, 0), then E1×P
n−c1−1
is birationally equivalent
to E2 ×P
n−c2−1
, where ck := codimX˜kEk.
Proof: Denote by ν the essential divisor whose enter on X˜k is Ek, for
k ∈ {1, 2}. Consider the morphism βk : BEk(X˜k) → X˜k obtained by blowing-
up Ek in X˜k, and the strit transform Dk of Ek in BEk(X˜k). Then, Ek is
the enter of ν in BEk(X˜k). It is birationally equivalent to Ek × P
n−ck−1
.
Indeed, there exists a smooth Zariski open set Uk ⊂ Ek whose normal bundle
in X˜k is algebraially isomorphi to Uk ×A
n−ck
, whih shows that β−1k (Uk) ≃
Uk ×P
n−ck−1
. But Dk is birationally equivalent to β
−1
k (Uk).
Now onsider the bimeromorphi map ρ := (pi ◦β2)
−1 ◦(pi ◦β1) : BE1(X˜1)→
BE2(X˜2). As the enter of the valuation ν on BEk(X˜k) is the irreduible
hypersurfae Dk, this shows that the losure of ρ(D1) in BE2(X˜2) is equal to
D2. This means that ρ realizes a birational equivalene between D1 and D2.
The onlusion of the proposition follows. 
In order to analyze the germs (XC,L1,L2,x1,x2 , 0) onstruted in the previous
setion, we will use Proposition 6.1 only through its Corollary 6.2. Before
stating it, let us introdue some notations.
Suppose that (X, 0) is a normal germ of 3-fold with isolated singularity.
Consider a xed resolution pi : X˜ → X of it. If v is an essential divisor over
(X, 0), and Ev is its enter on X˜ , dene its smooth representative R(v) to be:
• the unique minimal model of Ev, if Ev is a urve or a surfae whih is not
birationally ruled;
• the urve C, if Ev is birationally equivalent to C ×P
1
.
Reall from the introdution that E(X, 0) denotes the set of essential divisors
over (X, 0).
Corollary 6.2. The olletion (R(v))v∈E(X,0) of abstrat smooth urves or
minimal surfaes, parametrized by the set of essential divisors of (X, 0), is
independent of the hoie of resolution.
Proof: This is a diret onsequene of the previous proposition and of
the fat that a non-birationally ruled surfae has a unique minimal model,
whether if the smooth projetive surfaes C1×P
1
and C2×P
1
are birationally
equivalent, then the urves C1 and C2 are isomorphi (see B desu [1℄). 
An immediate onsequene of the orollary is:
Proposition 6.3. 1) If (C,L1, L2, x1, x2) and (C
′, L′1, L
′
2, x
′
1, x
′
2) are hosen
suh that C,C ′ are non-isomorphi smooth projetive urves, then the germs
(XC,L1,L2,x1,x2 , 0) and (XC′,L′1,L′2,x′1,x′2 , 0) are not analytially isomorphi.
2) If C is not rational, then (XC,L1,L2,x1,x2 , 0) is not analytially isomorphi
to a germ of tori variety.
Proof: 1) The set of smooth representatives of the essential divisors of the
germ (XC,L1,L2,x1,x2 , 0), eah representative being ounted with its multipliity,
is equal to 2C. Point 1) follows then from Corollary 6.2.
2) Any germ (X, 0) of tori variety has tori resolutions. The irreduible
omponents of the exeptional lous of suh a resolution are orbit losures, and
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Figure 2. Figure illustrating the proof of Proposition 6.4
in partiular are rational varieties. This shows that, when X has dimension
3, all the smooth representatives of the essential divisors are rational urves.
Point 2) follows immediately. 
Proposition 6.4. If C is rational urve, then (XC,L1,L2,x1,x2 , 0) is analyti-
ally isomorphi to the germ of an ane normal tori variety at the unique
0-dimensional orbit.
Proof: If C is rational, it is isomorphi to a tori urve, and S1, S2 are
isomorphi to tori surfaes, beause the only geometrially ruled surfaes over
P1 are the Hirzebruh surfaes. By realling the shapes of the fans whih dene
the Hirzebruh surfaes and the way one gets the fan dening an orbit losure
from a given fan (see Fulton [5℄), one sees that a andidate fan ∆ for a tori
3-fold isomorphi to M and suh that S1, S2, C are orbit losures should be as
in Figure 2.
In it, we have represented the intersetions of the edges a, b, c, d, e, f of the
fan (that is, its 1-dimensional ones) with a transversal plane. The fan ∆
lives inside the 3-dimensional real vetor spae NR, where N is the assoiated
weight lattie. For eah edge l, we denote by vl the unique primitive vetor of
N situated on l. For eah one σ of ∆, we denote by Oσ the assoiated orbit
and by Vσ := Oσ the orbit losure inside the tori variety Z(N,∆). If σ is
stritly onvex with edges l1, ..., ln, we write also σ = 〈l1, ..., ln〉.
As we want Z(N,∆) to be smooth, ∆ must be a regular fan. Moreover,
we would like to get S1 = Vb, S2 = Vc, C = V〈b,c〉 verifying the numerial
onstraints (10). Those equations are equivalent in our tori ontext with:
(12)


V〈b,c〉 · Vb = −d2
V〈b,c〉 · Vc = −d1
V〈b,e〉 · Vb = −x1
V〈c,e〉 · Vc = −x2
where the intersetion numbers are taken inside Z(N,∆). The equalities
V〈b,e〉 · Vc = V〈c,e〉 · Vb = 1 are automatially satised, as Z(N,∆) is smooth.
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We express the vetors vc, vd, vf in the basis (va, vb, ve) of N . As we want
Vb, Vc to be Hirzebruh surfaes suh that V〈b,e〉 = Vb ∩ Vc has negative self-
intersetion in both of them, we require that va, vb, vc, vd be oplanar. It is the
matter of a simple omputation to see that this ondition, ombined with the
requirement that ∆ be regular, shows the existene of α1, ..., α4 ∈ Z suh that:
(13)


vc = −va + α1vb
vd = −α2va + (α1α2 − 1)vb
vf = α3va + α4vb − ve
In order to ompute the intersetion numbers of the left-hand side of (12)
from relations (13), we use the general formula (see Fulton [5, Setion 3.3℄):
(14) div(χm) =
∑
l∈∆(1)
(m, vl)Vl, ∀m ∈M
where χm is the monomial orresponding to m ∈ M (a harater of the asso-
iated algebrai torus) seen as a rational funtion on Z(N,∆), and ∆(1) is the
set of edges of ∆. Here M := Hom(N,Z) denotes the lattie of exponents of
monomials.
In our ase, if (v∗a, v
∗
b , v
∗
c ) denotes the basis of M dual of (va, vb, vc), we get
the following formulae by applying (14) to m ∈ {v∗a, v
∗
b}:{
div(χv
∗
a) = Va − Vc − α2Vd + α3Vf
div(χv
∗
b ) = Vb + α1Vc + (α1α2 − 1)Vd + α4Vf
This implies:

0 = V〈b,c〉 · div(χ
v∗a) = −V〈b,c〉 · Vc + α3
0 = V〈b,c〉 · div(χ
v∗
b ) = V〈b,c〉 · Vb + α1V〈b,c〉 · Vc + α4
0 = V〈b,e〉 · div(χ
v∗
b ) = V〈b,e〉 · Vb + α1
0 = V〈c,e〉 · div(χ
v∗a) = −V〈c,e〉 · Vc − α2
By ombining this with the equalities (12), we get:
α1 = x1, α2 = x2, α3 = −d1, α4 = d2 + d1x1
We have obtained the required deomposition of the vetors vc, vd, vf in the
basis (va, vb, vc) of N :
(15)


vc = −va + x1vb
vd = −x2va + (x1x2 − 1)vb
vf = −d1va + (d2 + d1x1)vb − ve
We want to see now if this fan is a subdivision of a stritly onvex one γ
in NR. This is equivalent to the fat that a, e, d, f are the edges of a stritly
onvex one. After some routine omputations, one sees that the only non-
trivial requirement is that a linear form on NR whih vanishes on vd and ve
takes non-vanishing values of the same sign on va and vf . Suh a linear form
is m := x2v
∗
b + (x1x2 − 1)v
∗
a ∈ M . Then:{
(m, va) = x1x2 − 1
(m, vf ) = d1 + x2d2
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As d1 + x2d2 > 0, we have to require that x1x2 > 1. This is preisely the
ondition we had found at the end of Setion 5, ensuring that S1 ∪ S2 is
exeptional in M (see Proposition 5.1). We dedue that, if x1x2 > 1, then
γd1,d2,x1,x2 := 〈a, e, d, f〉 is a stritly onvex one whose edges are a, e, d, f .
Now, as Z(N,∆) is tori, we an easily show that it is isomorphi to the
manifold MP1,L1,L2,x1,x2 , where degP1L1 = −d1, degP1L2 = −d2. We dedue:
(XP1,L1,L2,x1,x2 , 0) ≃ (Z(N, γd1,d2,x1,x2), 0).
The proposition is proved. 
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